In this paper, the CUSUM chart has been proposed to monitor the small shift in production process when the quality characteristic follows Rayleigh distribution. To achieve approximate normality of the Rayleigh distributed data, Nelson transformation method is used. The efficiency of CUSUM chart in detecting small shift in the process as compared to traditional Shewhart chart is demonstrated through a simulated study. Parameters for proposed chart has been determined for varying true mean at fix 'in control mean' and 'in control ARL'. Table of k and h values are provided to assist quality control engineers for designing an optimal CUSUM chart to detect δσ shift.
Introduction
The statistical process control (SPC) is generally preferred method for controlling the quality of production processes. The initial work on SPC was done by Shewhart in 1920's. Shewhart developed the foundation for the control chart to check that the process is statistically control or not. In SPC we continuously monitor the quality characteristics of the manufacturing products, so that the manufacturing process should remains within statistical control and as the average quality characteristics shift from the specified value the control chart diagnose lack of statistical control. The traditional approach for monitoring the process is to implement a Shewhart based control chart. It is noted that Shewhart's control chart for mean is very useful if the shift in process parameters magnitude is 1.5 sigma or larger (Montgomery, 2001) ; however Shewhart chart may take a long time to detect a small constant shift in the process parameter.
The small parameter shifts can be detected by using a chart based on a statistic that cumulates observations from past samples to current sample. One such chart is cumulative sum (CUSUM) control chart developed by Page (1954) as a means to detect sequentially changes in distributions of discrete-time random processes. CUSUM works by accumulating deviations of the sample observations from their target value. According to Duncan (1986) , Lucas (1985) , Hawkins (1992) , Lucas and Crosier (1982) CUSUM control chart is much more efficient than the traditional Shewhart's control chart for detecting smaller variations in the average. Some control charts have been developed to observe the time between two occurrences that are exponentially distributed, e.g., the cumulative quality control (CQC) chart (Chan et al., 2000) , the exponential CUSUM chart (Alwan, 2000; Lucas, 1985; Vardeman and Ray, 1985) and the exponential exponentially weighted moving average (EWMA) chart (Gan, 1998) . Comparisons among those charts showed that the exponential CUSUM and exponential EWMA charts are more responsive to detect small shifts, while their design procedures are quite complicated. Kittlitz (1999) established the use of double square root transformation for the individual-chart, EWMA and CUSUM chart with examples. Montgomery (2001) again highlighted the scheme of monitoring time between events data through transformation method, and stated that "in many cases, the CUSUM and EWMA control charts would be better alternatives because these charts are more effective in detecting small shifts in mean". Liu et al. (2006) proposed CUSUM Chart with transformed exponential data and investigated the ARL properties and optimal design of the CUSUM chart with transformed exponential data. In this study, we propose CUSUM chart under transformed Rayleigh data in view of the following considerations.
In reality many manufacturing sectors: manufacture aeronautics, automobile, medicine, electronic devices generate data that are generally better represented by an asymmetrical distribution. So the development of the specific method of control charts for asymmetric distributed processes are required. More particularly we focus on the Rayleigh distribution, a particular case of Weibull distribution, describe correctly the coaxial defects in mechanics. These problems occur in the manufacturing of cylindrical pieces for automobile or aeronautic, where exact characteristics are mandatory. In addition, Rayleigh distribution occurs in the manufacturing of electronic devices, in the lifetime modelling or in the analysis of distribution of the distances between the individual's components in the Poisson models spaces. However, very few literatures are available for the Rayleigh distribution from the SPC point of view in order to improve the control of highly capable non normal process. Zhang and Xia (2006) proposed Rayleigh chart to control the position displacement of components, which is gotten by optimised X chart and showed that Rayleigh chart can meet the producing requirements as position displacement of components follows Rayleigh distribution whereas Shewhart X chart requires that the quality character data should follow the normal distribution. So, wrong conclusions will be drawn, if X chart is used to control the position displacement of components.
In view of above, the present study proposes a transformed CUSUM chart to observe a set of Rayleigh distributed data to quickly detect the shift in mean. A transformation method suggested by Nelson (1994) is used to transform Rayleigh distributed data to normal. The average run length (ARL) for the proposed plan is calculated by Monte Carlo simulation technique. Comparative study on the ARL properties is also conducted. There are two ways to represent a CUSUM, the tabular or algorithmic CUSUM and the V-mask CUSUM. From these two forms the tabular form of the CUSUM is practiced more. Here, we consider the tabular CUSUM. An excellent discussion of CUSUM control scheme is given by Hawkins and Olwell (1998) .
The rest of the paper is ordered as follows. In Section 2, the transformation of Rayleigh distributed data to normality is discussed. In Section 3, parameters for the tabular CUSUM are determined. In Section 4, the ARL values are determined to verify shift detection properties of the CUSUM. The paper is concluded in Section 5 by a brief summary of results and discussion.
Transformation of Rayleigh distributed variable
Rayleigh distribution is a particular case of Weibull distribution when its shape parameter takes value 2. The probability density function of Weibull distribution W(λ, k) with shape parameter k and scale parameter λ, is given by
The mean and variance of X are
where Г(.) is the complete gamma function. An important fact to recognise here is that if X follows Weibull distribution
Hence the distribution of Rayleigh random variable raised to the power p follows W(λ p , 2/p).
According to Nelson (1994) for any α > 0, W (α , 3.6) has zero skewness value and kurtosis value nearer to the value for the normal distribution. i.e. 3. Since (2/0.5555) is nearly equal to 3.6. So we can easily say that raising a Rayleigh distributed random variable to the power p = 0.5555. i.e. W(λ 0.5555 , 3.6), follows an approximate normal distribution.
From equations (2) and (3) 
3 Tabular CUSUM for monitoring the process mean
For CUSUM chart, when the process is under control, the random variable Y follow normal distribution with mean μ y0 and standard deviation σ (known or estimable), μ y0 is taken to be the target value for the quality characteristic Y. The tabular CUSUM works by accumulating the deviations from μ y0 that are above target with one statistic C+ and C-for below target. The statistics C+ and C-are known as one sided upper and lower CUSUM respectively and are calculated as
where y i is the i th transformed observation of the process. With the starting value C i + = C i -= 0. The value of k is known as reference or allowable value and it is often chosen about halfway between the target (μ y0 ) and the shift of mean (μ y1 ) in which one is interested in detecting. Thus,
The cumulative statistic values C i + and C i -accumulate deviation from the target value μ y0 that is greater than k. If either of the two exceeds the decision interval H, the process is said to be out of control. Here H = hσ y is known as decision interval of the CUSUM chart (Montgomery, 2001) .
To determine the values of h and k with the help of ARL of the CUSUM chart is very complicated. They require the use of sophisticated techniques such as integral equations or Markov analysis methods or restrict the user to certain ARL values as provided by tables or nomographs. To overcome the practical limitations of most of these procedures, Woodall and Adams (1993) showed how an approximation method given by Siegmund (1985) can be used to develop an iterative procedure for determining the value of h for given value of k and a desired in-control ARL when implementing a two-sided procedure. For a one-sided CUSUM implementation, we use modify iterative procedure suggested by Alwan (2000) to obtain the following recursion:
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with n = 1 , 2, 3, . . . . . Where ARL 0 is the desired in-control ARL and h 0 is some positive starting value. As the number of iterations increase, h n will tend to converge to a single h value corresponding to a CUSUM procedure with a true in-control ARL close to the desired ARL 0 value. Now, suppose the quality characteristic follows Rayleigh distribution with target mean μ 0 . If the interest is to detect a downward shift, then it is compulsory to suggest a value of µ 1 -, which represent the mean value that one wish to detect as soon as possible. If the interest is to detect an upward shift, then one needs to specify a value μ 1 +, which represents the mean value that one wishes to detect as soon as possible. Given a sequence of Rayleigh distributed process observations x 1, x 2 ,…,x n , one can use equations (6)-(9) to determine the parameters of the CUSUM chart as follows: 
For the upper one-sided CUSUM procedure, the decision rule is to signal out of control if C i + > hσ y whereas for the lower one-sided CUSUM procedure, the decision rule is to signal out of control if C i -< -hσ y .
Numerical example
Here, we conduct a simulation study to access the performance of CUSUM chart in detecting small shift in Rayleigh distributed data. Suppose the quality under consideration follows Rayleigh distribution. A sample of 100 observations is generated in which first 70 observation were drawn at random from Rayleigh distribution with mean 200 and last 30 observations with mean 250, and are summarised in Table 1 . We suppose that the last 30 observations have been drawn from the process when it is out of control i.e., after the process has experienced a shift in the mean of 50 points. To implement the method described in this paper with an in-control ARL of 250, parameters can be determined as follows: Using equations (11) and (12) Reference value 'k' is given by equation (10) A plot of the upper-side CUSUMs based on the transformed data along with the upper control limit of 36.99325 is shown in Figure 1 . It is clear that the CUSUM chart signals a change in data at 78th CUSUM exceeding the control limit. Now, we compare the proposed transformed CUSUM chart with traditional Shewhart chart. For this purpose, we have also constructed a Shewhart control chart for the transformed data. Since, our interest here is to detect the shift in upper side, therefore, only one-sided charting scheme is considered. Upper control limit would be placed at thrice standard deviation from the transformed mean. A sequence plot of the transformed data, along with the Shewhart limit is shown in the Figure 2 . Till last of the sequence, Shewhart chart fails to detect the shift in the mean and incorrectly interpreting that the process is in statistical control. Hence, we can conclude that the proposed CUSUM chart performs nicely to detect shift in the process as compared to Shewhart chart when the data follow Rayleigh distribution. 
Calculation of ARL with Monte Carlo simulation
The ARL, expected value of the run length, is used to measure the statistical performance of charts in process control. The run length is the random variable that represents the number of points required until an out of control signal is observed by the chart. It shows the ability of chart in quickly detecting the shift in the process. The ARL for a zero valued shift is called in control ARL. A well designed control chart offers large ARL value when the process is on target and small ARL value when there is shift/change in the process.
To study the performance of the proposed transformed Rayleigh CUSUM chart, we provide the approximate value of ARL for pre-specified shift. Proposed CUSUM chart is based on certain approximations, so we have used Monte Carlo simulation to derive the value of ARL corresponding to particular parameters. The values of out of control average run length ARL 1 have been calculated for the proposed control chart, based on 100,000 simulated observations for all the cases to monitor the process from the in control mean μ 0 = 1 to out of control mean μ 0 = 2, based on in control average run length ARL 0 of 250, 350 and 500, and are listed in Table 2 . In Table 3 
Conclusions
In this article, we have presented an alternative way of monitoring Rayleigh distributed data with CUSUM chart. The Rayleigh data has been transformed using Nelson transformation method to achieve normality, and then monitored by the CUSUM chart, designed for normal data. The results show that the proposed transformed CUSUM chart is more effective in detecting small shift in the process than the Shewhart chart. Therefore our result should be helpful for practitioners in designing the CUSUM chart when data fit the Rayleigh distribution. In order to assist a quality control engineer to design an optimal CUSUM chart to detect shift in the process, the parameter values of a CUSUM chart has been provided in Table 3 . A control chart with a smaller ARL 0 results in a higher rate of occurrence of false alarms. Selecting a chart with a larger ARL 0 will obviously reduce the rate of occurrence of false alarms but the chart, on average, will need more observations to detect any shift in the mean. Thus, the cost associated with false alarms as well as the cost of producing manufactured goods when the process is not in control should be weighted carefully to select an acceptable ARL 0 . 
